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Abstract

As high-performance computing (HPC) platforms progress towards exascale,
computational methods must be revamped to successfully leverage them. In
particular, (1) asynchronous methods become of great importance because syn-
chronization becomes prohibitively expensive and (2) resilience of computations
must be achieved, e.g., using checkpointing selectively which may otherwise
become prohibitively expensive due to the sheer scale of the computing envi-
ronment. In this work, a simulation framework is proposed and tested to exam-
ine the potential benefit of asynchronous iteration for various HPC accelerator
architectures (which typically admit different granularities of computations).
Additionally, an example of a case study using the simulation framework is
presented to examine the efficacy of different checkpointing schemes for asyn-
chronous relaxation methods.

1 Introduction

Asynchronous iterative methods are increasing in popularity recently due to
their ability to be parallelized naturally on modern co-processors such as GPUs
and Intel Xeon Phis. Many examples of recent work using fine-grained parallel
methods are available (see [ADQO16, Anz12, CAD15, CP15, ACD15] and many
others in Section 2). A specific area of interest is on techniques that utilize fixed
point iteration, i.e. those equations of the form,

x = G(x) (1)

for some vector x ∈ D and some map G : D → D. These techniques are well
suited for fine-grained computation can be executed in either a synchronous or
asynchronous manner which helps tolerate latency in high-performance comput-
ing (HPC) environments. Looking forward to the future of HPC, it is important
to prioritize the develop of algorithms that are resilient to faults since on future
platforms, the rate at which faults occur is expected to increase dramatically
[CGG+09, CGG+14, ABC+06, GL09].
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Developing algorithms that are resilient to faults is of paramount impor-
tance, and fine-grained parallel fixed point methods are no exception. This
study works towards creating a simulation framework for asynchronous iter-
ative methods that can be used to help develop algorithms that are resilient
to faults. Creating simulation frameworks such as this allows for experimen-
tation that is not specific to any singular platform or hardware architectures
and allows experiments to simulate performance on both current computing en-
vironments and look at how those results may continue to evolve along with
the computer hardware. These include the possibility to: (1) test and validate
different fault-models (which are still emerging), (2) experiment with different
check-pointing libraries/mechanisms, and (3) help in efficiently implementing
asynchronous iterative methods. Additionally, it can be difficult to implement
asynchronous iterative methods on a variety of architectures to observe per-
formance behavior in different computing environments, and having a working
simulation framework allows users to conduct extensive experiments without
any major programming investment.

While many asynchronous methods are designed for shared memory archi-
tectures, such as those found in GPUs, and asynchronous iterative methods
have gained popularity for their efficient use of resources on shared memory
accelerators in modern HPC environments such as GPUs [VV+09], there has
been some work done at improving the performance of asynchronous iterative
methods using a distributed memory environment. This work includes attempts
to implement asynchronous iterative methods in MPI-3 using one sided remote
memory access [GBH14] as well as efforts to reduce the cost of communication
in these environments [WPC16].

The structure of this paper is organized as follows: in Section 2, a brief
summary of some related studies is provided. Section 3 provides an overview of
asynchronous iterative methods is given, while in Section 4, details concerning
the simulation framework used to model the performance of these methods are
given. Section 5 gives the background information related to the creation of
efficient checkpointing routines and provides a series of numerical results, while
Section 6 concludes.

Note that the experiments in this study were conducted on Rulfo, a system
powered by an Intel Xeon Phi Knight’s Landing 7210 model processor with
256 cores at 1.30 GHz each. Rulfo belongs to the High-Performance Computing
group of the Department of Modeling, Visualization and Simulation Engineering
at Old Dominion University. The simulation experiments (i.e. both the algo-
rithms and the fault simulation routines) were implemented in MATLAB, while
the programs used to validate the simulation were written in C/C++ using
OpenMP.

2 Related work

The expected increase in faults for future HPC systems is detailed in a variety
of different sources. A high level article detailing the expected increase in failure
rate from a reasonably non-technical point of view is available in the various
versions of the “Monster in the Closet” talk and paper [Gei11, Gei12, Gei16].
More technical and detailed reports are given in a variety of sources composed
of groups of different researchers from both academia and industry [ABC+06,
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CGG+09, CGG+14, SWA+14, GL09]. Additionally, the Department of Energy
has commissioned two very detailed reports about the progression towards ex-
ascale level computing; one from a general computing standpoint [ABC+10a]
(summarized in [ABC+10b]), and a report aimed specifically at applied mathe-
matics for exascale computing [DHB+14].

Examples of work examining the performance of asynchronous iterative
methods include an in-depth analysis from the perspective of utilizing a system
with a co-processor [Anz12, ADG15], as well as performance analysis of asyn-
chronous methods [BBDH11, HD13, BBDH14]. In particular, both [BBDH11,
BBDH14] focus on low level analysis of the asynchronous Jacobi method, similar
to the example problem presented here.

Several numerically based fault models similar to the one that is used in this
study have been developed recently, and are used as a basis for the generalized
fault simulation that is developed here. These include a “numerical” fault model
that is predicated on shuffling the components of an important data structure
[EHM15], and a perturbation based model put forth in [SW15] and [CS16b].
Other models that are not based upon directly injecting a bit flip, such as
inducing a small shift to a single component of a vector have been considered
as well [HH11, BFHH12]. Comparisons between various numerical soft fault
models have been made in [CS16a, CJB+17].

Fine-grained parallel methods, specifically parallel fixed point methods, are
an area of increased research activity due to the practical use of these meth-
ods on HPC resources. An initial exploration of fault tolerance for stationary
iterative linear solvers (i.e. Jacobi) is given in [ADQO15] and expanded on
in [ADQO16]. Fault tolerance for synchronous fixed point algorithms from
a numerical analysis has been investigated in [SW15]. Error correction for
GPU based oriented asynchronous methods were investigated in [ALDH12],
while the general convergence of parallel fixed point methods has been ex-
plored extensively [AB05, FS00, BT89, OR00, Bau78, Ben07]. Fault tolerance
for fine-grained asynchronous iterative methods has been studied at a fun-
damental level [Gär99, CS17], as well as made specific to certain algorithms
[CS17, CS18, ADQO15, ADQO16].

While many recent research results for asynchronous iterative methods are
focused on implementations that utilize a shared memory architecture, one area
of asynchronous iterative methods that has seen significant development using a
distributed memory architecture is optimization [CC16, IBCH13, Hon17, ZC10,
SN11, TBA86, BPC+11]

3 Asynchronous iterative methods

In fine-grained parallel computation, each component of the problem – i.e. a
matrix or vector entry – is updated in a manner that does not require infor-
mation from the computations involving other components while the update is
being made. This allows for each computing element (i.e. a single processor,
CUDA core or Xeon Phi core) to act independently from all other computing
elements. Depending on the size of both the problem and the computing en-
vironment, each computing element may be responsible for updating a single
entry to update, or may be assigned a block that contains multiple components.
The generalized mathematical model that is used throughout this paper comes
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from [FS00], which in turn comes from [CM69, Bau78] and [Szy98] (among many
others).

To keep the mathematical model as general as possible, consider a function,
G : D → D where D is a domain that represents a product space D = D1 ×
D2 × · · · ×Dm. The goal is to find a fixed point of the function G inside of the
domain D. To this end, a fixed point iteration is performed such that,

xk+1 = G(xk), (2)

and a fixed point is declared if xk+1 ≈ xk. Note that the function G has internal
component functions Gi for each sub-domain, Di, in the product space, D. In
particular, Gi : D → Di, which gives that

x = (x1, x2, . . . , xm) ∈ D −→ G(x) = G(x1, x2, . . . xm) (3)

= (G1(x), G2(x), . . . , Gm(x)) ∈ D. (4)

As a concrete example, let each Di = R. Forming the product space of each
of these Di’s gives that D = Rm. This leads to the more formal functional
mapping, f : Rm → Rm. Additionally, let f(~x) = 2~x. In this case, each of
the individual fi component functions is defined by fi(~x) = 2xi. Note that
each component functions operates on all of the vector ~x even if the individual
function definition does not require all of the components of ~x to perform its
specific update.

The assumption is also made that there is some finite number of processing
elements P1, P2, . . . , Pp each of which is assigned to a block B of components
B1, B2, . . . , Bm to update. Note that the number p of processing elements will
typically be significantly smaller than the number m of blocks to update. With
these assumptions, the computational model can be stated in Algorithm 1.

Algorithm 1: General Computational Model

1 for each processing element Pl do
2 for i = 1, 2, . . . until convergence do
3 Read x from common memory

4 Compute xi+1
j = Gj(x) for all j ∈ Bl

5 Update xj in common memory with xi+1
j for all j ∈ Bl

This computational model has each processing element read all pertinent
data from global memory that is accessible by each of the processors, update the
pieces of data specific to the component functions that it has been assigned, and
update those components in the global memory. Note that the computational
model presented in Algorithm 1 allows for either synchronous or asynchronous
computation; it only prescribes that an update has to be made as an “atomic”
operation (in line 5), i.e., without interleaving of its result. If each processing
element Pl is to wait for the other processors to finish each update, then the
model describes a parallel synchronous form of computation. On the other hand,
if no order is established for Pls, then an asynchronous form of computation
arises.

To continue formalizing this computational model a few more definitions
are necessary. First, set a global iteration counter k that increases every time
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any processor reads ~x from common memory. At the end of the work done
by any individual processor, p, the components associated with the block Bp

will be updated. This results in a vector, ~x = (x
s1(k)
1 , x

s2(k)
2 , . . . , x

sm(k)
m ) where

the function sl(k) indicates how many times an specific component has been
updated. Finally, a set of individual components can be grouped into a set,
Ik, that contains all of the components that were updated on the kth iteration.
Given these basic definitions, the three following conditions (along with the
model presented in Algorithm 1) provide a working mathematical framework
for fine-grained asynchronous computation.

Definition 1. If the following three conditions hold:

1. si(k) ≤ k − 1, i.e. only components that have finished computing are used
in the current approximation.

2. limk→∞ si(k) =∞, i.e. the newest updates for each component are used.

3. |k ∈ N : i ∈ Ik| =∞, i.e all components will continue to be updated.

Then given an initial ~x0 ∈ D, the iterative update process defined by,

xki =

{
xk−1i i /∈ Ik
Gi(~x) i ∈ Ik

where the function Gi(~x) uses the latest updates available is called an asyn-
chronous iteration.

This basic computational model (i.e. the combination of Algorithm 1 and
Definition 1 together) allows for many different results on fine-grained itera-
tive methods that are both synchronous and asynchronous, though the three
conditions given in Definition 1 are unnecessary in the synchronous case.

3.1 Asynchronous relaxation methods

Relaxation methods have been the focus of many of the works mentioned in
Section 2 such as [CM69] and [Bau78]; a much more detailed description can be
found in [BT89] among many other sources. This section provides an introduc-
tion that will serve as a reference for the later work in this study.

Relaxation methods can be expressed as general fixed point iterations of the
form,

xk+1 = Cxk + d (5)

where C is the n × n iteration matrix, x is an n-dimensional vector that rep-
resents the solution, and d is another n-dimensional vector that can be used to
help define the particular problem at hand.

The Jacobi method is an asynchronous relaxation method built for solving
linear systems of the form,

Ax = b, (6)

and following the methodology put forth in [BT89], this can be broken down to
view a specific row – say the ith – of the matrix A,

n∑
j=1

aijxj = bi, (7)
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and this equation can be solved for the ith component of the solution, xi, to
give,

xi =
−1

aii

∑
j 6=i

aijxj − bi

 . (8)

This equation can then be computed in an iterative manner in order to give suc-
cessive updates to the solution vector. In synchronous computing environments,
each update to an element of the solution vector, xi, is computed sequentially
using the same data for the other components of the solution vector (i.e. the
xj in Eq. (8)). Conversely, in an asynchronous computing environment, each
update to an element of the solution vector occurs when the computing element
responsible for updating that component is ready to write the update to mem-
ory and the other components used are simply the latest ones available to the
computing element.

Expressing Eq. (8) in a block matrix form more similar to the original form
of the iteration expressed in Eq. (5),

x = −D−1((L+ U)x− b) (9)

= −D−1(L+ U)x+D−1b (10)

where D is the diagonal portion of A, and L and U are the strictly lower and
upper triangular portions of A respectively. This gives an iteration matrix of
C = −D−1(L+ U).

Convergence of asynchronous fixed point methods of the form presented in
Eq. (5) is determined by the spectral radius of the iteration matrix, C, and
dates back to the pioneering work done by both [CM69] and [Bau78]:

Theorem 1. For a fixed point iteration of the form given in Eq. (5) that adheres
to the asynchronous computational model provided by Algorithm 1 and Defini-
tion 1, if the spectral radius of C, ρ(|C|), ls less than one, then the iterative
method will converge to the fixed point solution.

As noted in [WPC16], the iteration matrix C that is used in the Jacobi
relaxation method serves as a worst case for relaxation methods of the form
discussed here. However, because of the ubiquitous use of the Jacobi method
in parallel solutions of large problems in many different domains in science and
engineering we use the Asynchronous (Block) Jacobi method predominantly
throughout the remainder of this study. Note that many of the concepts and
ideas expressed in this paper can be easily adapted to more complex algorithms.

4 Overview of simulation framework

The simulation framework is designed to simulate the performance of an asyn-
chronous iterative method operating on multiple computing elements using a
single processing element. In this simulation framework, the emphasis is on
fixed-point iterations1

~x = G(~x), (11)

1Throughout the text, vector notation is occasionally adopted to emphasize when functions
take all components of x as opposed to a single component, such as x1.
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for some ~x ∈ Rn. In the framework, certain components are assigned (possibly
distinct) times for performing an update to their components, and the effects
of various delay structures can be examined.

As a simple example, take n = 2. Then ~x = (x1, x2) ∈ R2 and, using the
terminology of Section 3,

x1 = G1(~x) = G1(x1, x2), (12)

x2 = G2(~x) = G2(x1, x2). (13)

In a traditional fully synchronous environment, both functions, G1 and G2,
would be called simultaneously and no subsequent calls would be executed until
both functions had returned and synchronized all results. In a fully asynchronous
environment, both functions would be allowed to execute again immediately
upon their own return, leading to a case where one of x1 or x2 may be updated
more frequently than the other. Per Definition 1, both functions use the latest
values of ~x that are available to them when the function call is initiated. For
instance, if the processing element that was assigned to update the component
x1 was ten times as fast as the processing element assigned to update x2, then
in the amount of time needed to update x2 once, the component x1 will have
been updated ten times, and when G2 is called for the second time it will be
called using the latest component of x1 (which has been updated 10 times), and
the latest component of x2 (which has only been updated once).

In the simulation framework, time is abstracted away to “units of time”. In
this manner, the relative timing between different components is the only metric
that matters. This allows the framework to be adapted to heterogeneous HPC
environments, as well as examining the potential impact of the standard vari-
ance of single core performance on multi-core hardware elements if the method
that is used is tuned to be completely asynchronous. Similarly, by adding or
removing appropriate communication penalties, different memory architectures
(i.e. distributed or shared) can be simulated.

As a more concrete example, let the matrix A result from a simple two
dimensional finite-difference discretization of the Laplacian over a 10× 10 grid,
resulting in a 100× 100 matrix with an average of 4.6 non-zero entries per row.
The Laplacian

∆u = g, (14)

(15)

is a partial differential equation (PDE) commonly found in both science and
engineering. The example problems taken in this study can be thought of as
simulating the diffusion of heat across a two dimensional surface given some
heat source along the boundary of the problem.

Once the PDE is discretized over the desired grid using finite differences,
typically central finite differences, the linear system

Ax = b (16)

is set up to be solved for a random right-hand side b that represents the de-
sired boundary conditions. All problems considered in this study use Dirichlet
boundary conditions. For the examples in this particular subsection, the right-
hand side is generated by taking each component sampled as a uniform random
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number between −0.5 and 0.5, and then normalizing the resultant vector. The
iterative Jacobi method proceeds until the residual

r = b−Ax (17)

is reduced past some desired threshold. Pseudocode for this simulated asyn-
chronous Jacobi is given in Algorithm 2.

Algorithm 2: Asynchronous Jacobi simulation

Input: aij ∈ A, initial guess for x0, a number of processing elements p,
an input random number distribution

Output: Solution vector x
1 Assign processor update times. τ1, τ2, . . . , τp by sampling from an

appropriate random number distribution
2 Assign elements xi ∈ x to each simulated processing element
3 for t = 1, 2, . . . until convergence do
4 for each processing element Pl do
5 if τl = t then
6 for each element xi ∈ x assigned to Pl do

7 xi = −1
aii

[∑
j 6=i aijxj − bi

]
8 Retrieve a new update time τl by sampling from the input

distribution

9 Calculate the residual as in Eq. (17) and check termination
conditions

Note that a given update time, τk, will not be sampled as an integer. The
simulation adjusts for this by scaling the number that is sampled by the ap-
propriate order of magnitude, adjusting the maximum value allowed for t ac-
cordingly, and then scaling back the final time calculated by the simulation.
For example, if the desired time precision is hundredths of a second, and the
time resulting for the first sampling of τk was 1.234s, then the simulation would
perform the following steps:

1. τ newk = s ∗ τ oldk

2. tnewmax = s ∗ toldmax

3. tnewfinal = (1/s) ∗ toldfinal

where if the desired precision was hundredths of a second, s = 102, and the
sampled value would become,

τk = 1.234− initial sample

τk = 123.4− apply scale factor

τk = 123− round to nearest integer

An example of nominal performance in a synchronous shared memory envi-
ronment (i.e. all processors update in the same amount of time and there is no
added communication penalty) is provided by Fig. 1.
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Figure 1: Example of nominal performance of the synchronous Jacobi iteration

As an example of the types of experiments that can be conducted, consider
the same problem from above, but in two slightly more complicated scenarios.
In the first—captured Fig. 2(left)—one of the ten processors involved in updat-
ing blocks of components of x is provided updates more slowly than the other
processors. Each curve shows the progression of the (global) residual subject to
having a single slower processor with different degrees of slowdown (from zero
to 11x).

Figure 2: Examples of experiments within the simulation framework

In the second scenario—see Fig. 2(right)—the processor updates are not
restricted to occur synchronously. Instead, the processors are assumed to have
similar performance and perform their updates in time ti ∼ N(µ, σ2) where
the mean is set to 10 units of time and the variance is different for each curve
depicted in the plot.

4.1 Tuning the simulation framework

The simple experiments highlighted above showcase a particular use of this
simulation framework; namely, that it is easy to quickly generate data repre-
sentative of relative differences in the performance of the individual processing
elements. In order to observe the effect of some subset of the total processors
performing updates in an asynchronous manner, possibly due to an active hard-
ware issue on a node used, or to tie the simulation framework more closely with
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true hardware performance and allow for extrapolation from a known point, a
framework tuning process must be employed.

To tune and validate the simulation to current representative HPC environ-
ments, tools were created that use OpenMP to implement the asynchronous
Jacobi method. These tools were executed on an Intel Xeon Phi Knight’s Land-
ing 7210 model processor.

Similar to Section 4, the test problem is a two dimensional discretization of
the Laplacian

∆u = b , (18)

where the right-hand side is initialized with Dirichlet boundary counditions.
Once data from representative performance code is obtained, metrics can

be taken on the pertinent performance data, and these metrics can be used to
help tune the simulation framework towards the desired model in order to allow
the simulation that is generated to produce meaningful results. This tuning
process has several benefits: In addition to providing empirical data with which
to validate the simulation, it also allows a meaningful start to extrapolating the
performance. Two implementations were set up to solve Eq. (18), and they will
be discussed separately in the following two subsections.

4.1.1 Implementation 1

The Laplacian was this time generated over a 100×100 grid resulting in a matrix
of size 10, 000×10, 000 with 49, 600 non-zeros with an average of 4.96 non-zeros
per row. The thread count used was varied and the following thread numbers
were utilized: 11, 21, 41, 51, 81, and 101. The vector b from the resulting linear
system,

Ax = b, (19)

is initialized such that the final solution vector has xi = 1 for all i, the initial
guess x0 is all zeros.

In this implementation, each thread retrieves the data it needs from shared
memory, performs the necessary computations, and writes the result back to
shared memory. A dedicated thread computes the global residual value b −
Ax(t) that determines satisfactory convergence. All threads use OpenMP locks
to safely copy x(t) from shared memory, whether calculating the residual or

computing x
(t+1)
j . Pseudocode for this process is given in Algorithm 3.

Algorithm 3: OpenMP Implementation 1

Input: aij ∈ A, initial guess for x0, a number of processing elements p
Output: Solution vector x

1 Assign elements xi ∈ x to each processing element
2 for t = 1, 2, . . . until convergence do
3 for each processing element do
4 Copy the necessary components of x(t) from common memory

5 Compute x
(t+1)
j = −1

aii

[∑
j 6=i aijx

(t)
j − bi

]
6 Update x

(t)
j in common memory with x

(t+1)
j for j assigned to the

current processing element
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For each trial, the times for each thread to access the memory it needs (Line 4
of Algorithm 3), compute the relaxation for the rows assigned to it (Line 5), and
to write the updated answer back to common memory (Line 6) were captured.
Data was collected over multiple experiments, and this data was used to match
a random number distribution that can be used to draw random numbers in-
dicating the amount of time needed for a simulated processing element in the
framework described above. This distribution can then be used as an input
parameter to Algorithm 2 to generate random numbers that can be used to
accurately predict update times for the various computing elements within the
desired HPC architecture. For this particular problem, a lognormal distribution
was found to match the data most closely. The pertinent parameters, µ and σ
for this distribution, varied slightly for the various thread counts. Histograms
containing data from the experiments conducted for a thread count of 51 are
provided in Fig. 3 for the copy, compute action, and update action. Addition-
ally, the best fitting lognormal distribution is plotted as a continuous curve on
top of the data.

Figure 3: Histogram of copy (upper left), compute (upper right), and update
(lower middle) times for the case of 51 threads

Aggregate statistics for these experiments—across all the thread and across
the multiple runs of each experiment—-are provided in Table 1. These statistics
can be used to tune the performance of the simulation framework, so that it
provides results indicative of the current state of HPC hardware. In particular,
the input distribution specified in Algorithm 2 can be set to the distribution
that best matches the empirical data discovered.

The effect of increasing the number of threads on the shape of the distribu-
tion is shown in Fig. 4. The table captures the average time required for each
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of the three main activities that were benchmarked in this implementation.

Table 1: Summary statistics for asynchronous performance tuning showing the
average time to copy data to a thread, compute a relaxation, write the result
back to memory, and the total update time.

Threads Ave Copy (s) Ave Comp. (s) Ave Update (s) Total (s)
11 1.86E-05 1.86E-02 3.01E-04 1.89E-02
21 2.09E-05 1.23E-02 1.53E-04 1.25E-02
41 2.89E-05 1.07E-02 8.40E-05 1.08E-02
51 2.96E-05 1.05E-02 7.00E-05 1.06E-02
81 7.00E-05 1.10E-02 7.40E-05 1.12E-02

101 2.51E-04 1.21E-02 1.02E-04 1.25E-02

Similarly, Fig. 4 shows the effects of increasing the thread count by plotting
the probability density function of the distribution that best fit the empirical
data that was captured. In order to help make the plot more readable, his-
tograms of the actual data found are not included (in contrast to what Fig. 3
shows for a fixed thread count), but the probability density functions for all
thread counts are overlayed.

Figure 4: Effect of increasing the number of threads on copy (upper left), com-
pute (upper right), and update (lower middle) times

The total time each core spends on calculating and storing the updated
values is dominated by the “Compute” time; viewing the data in both Table 1
and in Fig. 4 shows that increasing the number of threads helps decrease the
amount of time taken up to a point. At a saturation level of more than 1
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thread per physical core, both the compute and the total update time begin
to increase again. Before exhausting the cores that are physically available,
increasing the number of threads has the effect of assigning each physical core
fewer components to update which allows the computations to be done more
quickly. The memory read and write activities (e.g. “Copy” and “Update”) are
less predictable with respect to the number of threads utilized, however, given
the implementation used here, they both take orders of magnitude less time
than actually performing the calculation.

4.1.2 Implementation 2

This second implementation performs the Jacobi relaxation on the grid directly
using the neighboring points required by the 5-point stencil as opposed to ex-
plicitly forming the matrix A, and in a sense a implements matrix-free solution.
For this implementation, the Laplacian was discretized over a 500 × 500 grid
with boundary conditions set according to Table 2

Table 2: Boundary conditions for the second implementation of the Laplacian

0 100 . . . . . . 100 0
75 XXX . . . . . . XXX 50

... XXX . . . . . . XXX
...

... XXX . . . . . . XXX
...

75 XXX . . . . . . XXX 50
0 0 . . . . . . 0 0

The implementation used here stems from code provided by [HW10]; similar
code solves a three dimensional discretization of the Laplacian in the study fea-
tured in [BBDH11] and [BBDH14]. The routine solves a heat diffusion problem,
in which a two-dimensional heated plate has Dirichlet boundary-condition tem-
peratures. Two matrices, u0 and u1, store grid point values that each thread
reads, e.g. from u1, to compute newer values to write, e.g. to u0. As the method
is asynchronous, each thread independently determines which matrix stores its
newer u(t+1)(i, j) values and older u(t)(i, j) values. For an n+ 2 by n+ 2 grid,
each thread solves for n2/n grid points, such that the grid is evenly divided
along the y-axis. When a thread copies grid point values above or below its do-
main for the computation, OpenMP locks are employed to ensure that data is
captured from a single iteration. Further, locks are used when updating values
on domain boundaries. Each thread pn computes its local residual value every
kth iteration, which it contributes to the global residual value using an OpenMP
atomic operation, such that it adds the local residual from the current iteration
and subtracts the local residual from the previous iteration. A single thread
checks for convergence with an atomic capture operation, and updates a shared
flag variable if the criterion is satisfied. Pseudocode for this implementation is
provided in Algorithm 4.

In this implementation, data was only collected for the total iteration time
for an individual thread. Thread counts of 10, 25, 50, and 100 were used in this
series of experiments. The average total iteration time for the varying
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Algorithm 4: OpenMP Implementation 2

Input: Initial guess for u(0)(i, j), a number of processing elements p
Output: Solution vector u(i, j)

1 Assign elements u(i, j) to each processing element
2 for t = 1, 2, . . . until convergence do
3 for each point in the grid, u(t)(i, j) do
4 Copy necessary boundary values for u(t+1)(i, j)

5 Compute u(t+1)(i, j) =

1/4 ∗ (u(t)(i+ 1, j) + u(t)(i− 1, j) + u(t)(i, j + 1) + u(t)(i, j − 1)

6 Update u
(t)
j (i, j) in common memory with u

(t+1)
j (i, j)

Table 3: Average iteration time with standard deviation (by thread count).

Threads Ave Iter. Time (s) Std. Iter. Time
10 0.6478E-04 0.3154E-05
25 0.3047E-04 0.2277E-05
50 0.2095E-04 0.2848E-05

100 2.2834e-05 5.5648e-06

An example of the iteration times for the case of 10 threads and 50 threads
is given by Fig. 5

Figure 5: Histogram of iteration times for 10 threads (left) and 50 threads
(right)

Since this implementation is even more compute bound then the first one,
comparing Fig. 6 and Table 3 shows a general decrease in the time for each iter-
ation as the thread count is increased. While there is no inflection point evident
in the data presented in Table 3 (compared to Table 1), Fig. 6 still suggests that
once the number of threads outnumbers the number of available physical cores
that performance gains begin to drop off. For denser matrices, or for different
applications, these trends could change as the memory based activities become
relatively more expensive. The finite difference discretization of the Laplacian
is a very sparse matrix that does not require much data movement.
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Figure 6: Effect of increasing thread count on total iteration time

Implementation Comparison. The first implementation has the relative
disadvantage of requiring an explicit copy operation for each row a thread up-
dates, but generalizes further to any sparse matrix, A, with which the Jacobi
method can be used. From the result given in Theorem 1 this will occur if the
spectral radius of the iteration matrix, C, is less than 1. In the case of the
Jacobi method, the iteration matrix is given by

C = −D−1(L+ U). (20)

Note that in the two dimensional discretization of the Laplacian, the spectral
radius of the Jacobian is less then l, which says that both the synchronous and
asynchronous variants of the Jacobi algorithm will converge.

The second implementation studied here minimizes the copy portion of the
routine, assuming an appropriate number of processing elements for a given
grid, and thus minimizes a portion of the routine more susceptible to natural
fluctuations in HPC hardware performance. However, this routine only gen-
eralizes to finite difference discretizations of partial differential equations over
rectangular grids.

The point of showing two distinct implementations is to emphasize that the
simulation framework proposed here is capable of being easily tuned to reflect
the performance of varying implementation styles. This simulation framework
can be further adapted to any asynchronous iterative method through the pro-
cess of collecting data representative of individual update times and using the
resultant data to tune the model towards a particular use case.

5 Example of use: developing efficient check-
pointing routines

An example of the efficacy of the simulation framework described in Section 4 is
demonstrated here as to how the simulation may be used to determine efficient
times to checkpoint data while executing an asynchronous iterative method.

5.1 Fault model

For this part of the study, faults are modeled as perturbations similar to several
recent studies [CS16b, CSC17, SW15]; the goal being producing fault tolerant
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algorithms for future computing platforms that are not too dependent on the
precise mechanism of a fault (e.g. bit flip). Modifying the perturbation-based
fault model described in [CSC17], a single data structure is targeted and a
small random perturbation is injected into each component transiently. For
example, if the targeted data structure is a vector x and the maximum size of
the perturbation-based fault is ε, then proceed as follows: sample a random
number ri ∈ (−ε, ε) using a uniform distribution, and then set

x̂i = xi + ri (21)

for all values of i. The resultant vector x̂ is then perturbed away from the
original vector x. Other similar perturbation-based fault models have sampled
the components ri from different ranges. This can allow the creation of scenarios
where some components are perturbed by large amounts, and some are only
changed incrementally.

In this study, faults are injected into the asynchronous Jacobi algorithm
following the perturbation based methodology described above. Due to the
relatively short execution time of the asynchronous Jacobi algorithm on the
given test problems, a fault is induced only once during each run, and the fault
is designated to occur at a random iteration number before convergence. To
be precise – since “iteration” loses some meaning in an asynchronous iterative
algorithm – the fault is injected on a single simulated time before the algorithm
terminates. It is not necessary for the program to have an update scheduled on
the same simulated time for the fault to be injected.

5.2 Experiments with the Simulation Framework

Similar to the earlier results in the paper, this study covers the solution of the
linear system resulting from a two-dimensional finite difference discretization
of the Laplacian. Before presenting simulation results, it is important to note
that faults, as modeled here, will not prevent the eventual solution of the linear
system using the (asynchronous) Jacobi method. Since the spectral radius of the
associated iteration matrix is strictly less than 1, it will converge for any initial
guess x(0). Since faults are assumed to only affect the memory storing the vector
x and are assumed to occur in a transient manner, if a fault occurs on iteration
F then the subsequent iterate, x(F+1) can be taken to be the new starting
iterate and eventual convergence is guaranteed due to the iteration matrix which
has remained the same throughout the occurrence of the fault. This model
can reflect the scenario where certain parts of the routine are designated to
run on hardware with a higher reliability threshold, and other parts of the
algorithm are allowed to run on hardware that may be more susceptible to the
occurrence of a fault. This sandbox type design has been suggested as a possible
means for providing energy efficient fault tolerance on future HPC environments
[BFHH12, HH11, SV13].

While eventual convergence may be guaranteed, greatly accelerated conver-
gence is possible through a simple checkpointing scheme. An example of such
a scheme (as an extension of the asynchronous Jacobi simulation provided by
Algorithm 2) is provided in Algorithm 5.

Note that the asynchronous nature of the iterative method means that a
strict check on the decrease of the residual (i.e. expecting monotonic decrease)

16



Algorithm 5: Asynchronous Jacobi simulation with checkpointing

Input: aij ∈ A; initial guess x0; number of processing elements p;
input random number distribution; checkpointing tolerance α;
checkpointing frequency ω

Output: Solution vector x
1 Assign processor update times τ1, τ2, . . . , τp by sampling from an

appropriate random number distribution
2 Assign a part of x to each processing element
3 Initialize rold to a large value
4 for t = 1, 2, . . ., until convergence do
5 for each processing element, Pl do
6 if τk = t then
7 for each element xi ∈ x assigned to Pl do

8 xi = −1
aii

[∑
j 6=i aijxj − bi

]
9 Retrieve a new update time τk by sampling from the input

distribution

10 Inject a fault if appropriate
11 Calculate the residual rnew as in Eq. (17)
12 if rnew > α× rold then
13 x← xcp
14 if mod (t, ω) == 0 then
15 xcp ← x
16 Check termination conditions

is not possible. In particular, the checkpointing tolerance α needs to be taken
such that α > 1. However, the expected manifestation of faults as rare, transient
events allows α to be taken fairly large. Taking α too large results in a fault
having a substantial impact on the convergence rate of algorithm since large
faults will be allowed to impact the algorithm with no correction. Conversely,
taking α too small causes the algorithm to checkpoint more frequently than
needed. Examples of the effects of a fault with different values selected for α
are given by Fig. 7.

Note in Fig. 7 that no checkpointing results in a delay to convergence relative
to the use of checkpointing with either α = 1 or α = 10. The size of the fault
selected in this study, ri ∈ (−100, 100), which may be reflective of an exponent
or sign bit flip [CS18], results in the values α = 1 and α = 10 having the same
performance since the error induced by the fault is sufficiently large that the
new residual is more than α = 10 times the prior residual. Faults that induce
a smaller error may be detected by certain values of α and not by others which
would lead to differing performance.

The residual progress in the plot showing the effects of using α = 1 can
be explained by the updates provided by certain simulated processing elements
being rejected despite being necessary for the convergence of the algorithm. This
can be seen in the small, momentary jumps in the progression of the residual
visible in the other graphs. These rejections lead to stagnation in the progression
of the algorithm and show why the value of α = 1 should not be selected for a
checkpointing scheme for an asynchronous iterative method.
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Figure 7: Effect of differing values of α on the progression of the residual

6 Conclusions and Future Work

This work has developed a framework that can be used to efficiently simulate the
outcomes of asynchronous methods in heterogeneous computing environments
and in the presence of transient soft faults. Given that asynchronous methods
are notoriously difficult to study theoretically, their simulation is an invaluable
tool for observing their behavior and making quantitative and qualitative as-
sertions as was shown by example in Section 5.2, in which the checkpointing
tolerance α was assessed. The framework is extensible and flexible and is able
to: (1) admit a variety of asynchronous methods, beyond the Jacobi algorithm,
(2) incorporate different fault models, and (3) vary hardware parameters such
as thread and processor counts.

In the future, it is planned to automate the selection of the checkpoint-
ing tolerance as well as checkpointing frequency in the course of simulation.
Furthermore, simulation framework will be augmented with runtime simula-
tion measurements, such those provided by Intel Running Average Power Limit
(RAPL) interface [Gui11], to obtain simulated application execution traces in
order to model application performance and energy consumption.
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